We show that the invariant fields Fq (X1, . . . , Xn) G are purely transcendental over Fq if G are root subgroups of finite classical groups. The key step is to find good similar groups of our groups. Moreover, the invariant rings of the root subgroups of special linear groups are shown to be polynomial rings and their corresponding Poincaré series are presented.
Introduction
Let F q be a finite field with charF q = p and let GL(n, F q ) be a general linear group. For any T = (t ij ) 2 GL(n, F q ), it induces an F q -linear action σ T on the rational function field F q (X 1 , . . . , X n ) defined by
For a group G  GL(n, F q ), Noether's problem asks whether the rational invariant field
gave an affirmative answer by giving the explicit transcendental bases. Chu [6] considered the invariant fields of finite orthogonal groups and obtained similar results for n = 2, 3. Cohen [7] showed that the result is true for n = 4, and, finally, the general case was settled by Carlisle and Kropholler [8] . However, all these researchers assumed that the characteristic of F q is odd. The case of characteristic equal to two was studied by Rajaei [12] by using the language of quadratic forms and by Tang and Wan [14] by using matrix methods. Relatively recently, Chu [10] performed a unified investigation aimed at finding the transcendental bases of invariant fields for some finite classical groups of the form
where A 2 GL(n, F q ) and ⇢ is an automorphism of F q . In the present paper, we consider the root subgroups of finite classical groups by giving explicit transcendental bases. The key of our method is to find good similar groups of root subgroups and, hence, to obtain the explicit transcendental bases by analyzing similar groups.
Based on our results on the invariant fields of root subgroups of the special linear groups, we show that the invariant rings of root subgroups of the special linear groups are polynomial rings and, consequently, deduce the Poincaré series of these invariant rings. In the modular case, examples of groups whose invariant rings are polynomial rings are, to name a few, the general and special linear groups GL(n, F q ) and SL(n, F q ) [1], the group of unipotent upper triangular matrices G  GL(n, F q ) [5], the orthogonal and unitary groups O(n, K, S) and U (n, K, H) for n  3 and n  2, respectively [4] , and the complex reflection groups G 29 and G 31 of Shephard and Todd [2] . Moreover, the root subgroup of a special linear group is also an example of this sort.
We now recall the definitions of the root subgroups of classical groups [11] . In these definitions, by K we denote an arbitrary field.
The root subgroup of a special linear group SL(n, K) is a subgroup e X ij = {T ij (c) : c 2 K} (i 6 = j) or its conjugate subgroup in GL(n, K), where T ij (c) = I + cE ij and E ij is the (n ⇥ n)-matrix whose (i, j)-entry is equal to 1 and the other entries are equal to 0. We denote the root subgroup P −1 e X ij P of SL(n, K) by X ij,P with P 2 GL(n, K).
Assume that K has an involutive automorphism φ : a 7 !ā. The unitary group U (n, K, H) is defined as the group {A 2 GL(n, K) : AHĀ 0 = H}, where
is the congruence normal form of the nonsingular Hermitian matrix and H 0 2 GL(n−2⌫, K) is a definite diagonal matrix.
The long root subgroup of U (n, K, H) is the subgroup
where u is a fixed n-dimensional row vector satisfying uHū 0 = H and TrK = {a +ā : a 2 K}.
Furthermore, the short root subgroup of U (n, K, H) is defined as 
